In this short paper we compute the various bipartite quantum correlations in the presence of the (4 + n)-dimensional Schwarzschild black hole. In particular, we focus on the n-dependence of various bosonic bipartite entanglements. For the case between Alice and Rob, where the former is free falling observer and the latter is at the near-horizon region, the quantum correlation is degraded compared to the case in the absence of the black hole. The degradation rate increases with decreasing n. We also compute the physically inaccessible correlations. It is found that there is no creation of quantum correlation between Alice and AntiRob. For the case between Rob and AntiRob the quantum entanglement is created although they are separated in the causally disconnected regions. It is found that contrary to the physically accessible correlation the entanglement between Rob and AntiRob decreases with decreasing n.
I. INTRODUCTION
It is evident that quantum information processes such as quantum teleportation [1] , quantum cryptography [2] , and quantum computer [3] will play crucial role in the future technology. In this reason, much attention is paid, recently, to the quantum entanglement [4] because it is regarded as a genuine physical resource for the quantum information processing.
Although research into the quantum entanglement has a long history [5, 6] , the study of its properties in the relativistic setting was initiated recently [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . The main issue in this subject is to understand how a given entanglement is changed in the inertial- [10] [11] [12] [13] and non-inertial- [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] frames. In the non-inertial frame degradation of the entanglement occurs, which is related to the well-known Unruh effect [26, 27] . More recently, moreover, the change of the entanglement in the black hole background was also examined [28] [29] [30] .
On the other hand, braneworld scenario [31] [32] [33] [34] , one of the modern cosmology, assume that our 4d spacetime universe is embedded in higher-dimensional world. In this reason, the absorption and emission properties of the higher-dimensional black holes were investigated few years ago in Ref. [35] [36] [37] [38] [39] .
The purpose of this paper is to examine the degradation of the bipartite entanglement in the presence of the (4 + n)-dimensional Schwarzschild black hole. In order to explore the degradation we assume that Alice and Rob share the maximally entangled state initially.
After sharing Rob moves to the near-horizon region while Alice is free falling into the black hole. In this situation we will compute the entanglement by adopting the negativity [40] as an entanglement measure. Our main focus in this paper is to investigate the effect of the extra dimensions n in the entanglement degradation. Of course, the result of Ref. [29] is reproduced when n = 0.
The paper is organized as follows. In section II we review the spacetime geometry of the (4 + n)-dimensional Schwarzschild black hole. For later convenience we compare the (4 + n)-dimensional Schwarzschild spacetime with the Rindler spacetime in this section.
This comparison enables us to transform our problem into the degradation of entanglement in the non-inertial frame, which was studied in Ref. [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . In section III we compute the various quantum correlations. Especially, we focus on the n-dependence of the bipartite entanglement. In section IV a brief conclusion is given.
II. SPACE-TIME GEOMETRY
The higher-dimensional black hole solutions of the Einstein field equation were discussed in detail in Ref. [41] . The explicit expression of the (4 + n)-dimensional Schwarzschild black hole solution in terms of the usual Schwarzschild coordinates is in the following:
where
The horizon radius r H is related to the black hole mass M as following:
Because of the symmetry of the problem we restrict our attention to the temporal and radial coordinates. Thus, the part of the metric we will analyze is
We can write the line-element dℓ 2 in terms of the proper time τ of an observer located in r = r 0 as follows:
Now, we define a new spatial coordinate z as follows:
Then, the profile function h(r) can be written as
where κ is a surface gravity defined by
In terms of z it is easy to show that the line-element dℓ 2 becomes
In the near-horizon region, i.e. r ∼ r H , Eq. (2.9) reduces to
This is just the metric of the Rindler space with the acceleration parameter κ/ √ h 0 .
In order to discuss on the physical states we define the Kruskal coordinates
where the "tortoise" coordinate r * is defined by
In terms of the Kruskal coordinates the line-element dℓ 2 becomes
Since r * reduces to
at the near-horizon region, we can re-express dℓ 2 in this region as
As authors in Ref. [29] Since the metric (2.10) reduces to the Rindler space metric with the acceleration κ/ √ h 0 in the near-horizon region, one can derive the interrelations between these vacua using the Unruh effect [26, 27] . The relations beyond the single-mode approximation are derived in Ref. [43] . Corresponding |0 H to Minkowski vacuum and, |0 B and |0 B to the vacua in the left-and right-wedges of Rindler space, one can derive the following relations:
where |q L | 2 + |q R | 2 = 1 and
In Eq. (2.14) |m Ω F means m-particle states of energy Ω, which is constructed by operating the creation operator m times to the vacuum |0 F with F = {H, B,B}. In next section we will use Eq. (2.14) to analyze the bosonic entanglement degradation in the presence of the black hole (2.1).
III. ENTANGLEMENT DEGRADATION
Let us consider a situation that Alice and Rob initially share the maximally entangled
when both are free falling into the black hole. Since ∂ū + ∂v is a proportional to the time-like
Killing vector for the free falling observer, Eq. (3.1) is written as a Hartle-Hawking basis.
For simplicity, the energy parameters Ω A and Ω R for Alice and Rob are ignored in Eq. (3.1). Now, we assume that after sharing |ψ AR , Rob moves to the near-horizon region, i.e. r = r 0 ∼ r H . Thus, we restrict ourselves into
throughout this paper. Therefore, Eq. (2.15) implies
where Ω ≡ 2πΩ R /κ. In this assumption Eq. (2.14) implies that |ψ AR is changed into
(3.4)
A. Alice-Rob quantum correlations Now, we assume that Rob is in the region where Killing vector is ∂ t . Since, then, Rob cannot access the region whose time-like Killing vector is −∂ t , one should take a partial trace overB in Eq. (3.4) . Thus, the resulting quantum state for Alice-Rob system becomes a mixed state in a form
In order to examine the entanglement degradation in the presence of the (4 + n)-dimensional black hole, we should compute the bipartite entanglement of ρ AR . Although there are a lot of entanglement measures which quantify the bipartite entanglement such as entanglement of formation [44] , concurrence [45] , and relative entropy of entanglement [46] , most of them are very hard to compute mainly due to that fact that ρ AR is a state in qudit system. Therefore, we choose a negativity [40] in this paper for tractable computation. The negativity N AR of ρ AR is defined as
where λ i are the eigenvalues of ρ T A AR and T A is a partial transposition with respect to the party A. It is worthwhile noting that the negativity N AR in the absence of the black hole is 1/2.
In this paper our main interest is to examine the effect of the extra dimension n in the entanglement degradation. Thus, we will choose q R = 1 for simplicity. Furthermore, as shown in Ref. [14] , Eq. (2.14) with q R = 1 case corresponds to the Unruh transformation within the single-mode approximation.
The computation of N AR is straightforward. In this paper we will skip the calculational procedure, but present the final results. In Fig. 1 we plot N AR with varying the number of extra dimensions as n = 0, 1, 2, 3, 100. In Fig. 1(a) we plot the R S -dependence of N AR with choosing Ω = 10. As this figure exhibits, N AR is less than 0.5, so that as expected, the degradation of the entanglement occurs. The rate of the degradation decreases with increasing R S , which means that Rob goes away from the black hole. When Rob approaches to the horizon, i.e. r 0 → r H , all bipartite entanglement vanishes. Another remarkable fact this figure shows is that the degradation becomes weaker with increasing n. This fact denotes that if r H is fixed, then the degradation becomes weaker with increasing the Hawking temperature T H because T H = κ/2π. In fact, we cannot clearly explain the physical reason why higher Hawking temperature implies weaker entanglement degradation. In Fig. 1(b) we plot the Ω-dependence of N AR with choosing R S = 1.03. This figure also shows that the degradation becomes weaker with increasing n. is block-diagonal provided that the order of the basis is selected appropriately, one can compute the eigenvalues in principle. Therefore, it is possible to compute N BB numerically.
In Fig. 2 we plot N RR with varying the number of extra dimensions as n = 0, 1, 2, 3, 10.
In Fig. 2(a) we plot the R S -dependence of N RR with choosing Ω = 10. In Fig. 2(b) we also plot the Ω-dependence of N RR with choosing R S = 1.03. Contrary to the quantum correlation between Alice and Rob the quantum entanglement between Rob and AntiRob reduces with increasing n. It is also difficult to explain this fact from a physical ground.
Of course, this quantum correlation is purely theoretical and is useless for the quantum information task due to the causally disconnected nature between Rob and AntiRob.
IV. CONCLUSION
In this short paper we compute the various bipartite quantum correlations in the presence of the (4 + n)-dimensional Schwarzschild black hole. In particular, we focus on the n- dependence of the bosonic entanglements. For the case between Alice and Rob the quantum correlation is degraded as expected. The degradation rate increases with decreasing n.
However, it is found that there is no creation of quantum correlation between Alice and AntiRob. For the case between Rob and AntiRob the quantum entanglement is created although they are separated in the causally disconnected regions. The entanglement is found to decrease with decreasing n. We do not exactly understand why N AR and N RR exhibit different n-dependent behaviors.
In this paper we performed the calculation under the condition of r 0 ∼ r H . If we remove this condition, various correlations may exhibit different behavior. In this case, however, we cannot use the Rindler-anology of the Schwarzschild background. Thus we have to rederive the equations corresponding to Eq. (2.14) in this case by computing appropriate Bogoliubov coefficients. However, this generalization might be difficult problem mainly due to the difficulty in the analytic computation of the Bogoliubov coefficients.
It seems to be of interest to extend this paper to the higher-dimansional rotating black hole case [38, 39] . The condition for occuring the superradiance in the higher-dimensional rotating black holes was derived in Ref. [47] . It seems to be highly interesting to examine the effect of the superradiance to the entanglement degradation.
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